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Forced Oscillations
Undamped Forced Oscillations

Resonance
Damped Forced Oscillations

Exercises Related to WebWork

Forced Oscillations  

In this Lecture, we will talk about the systems with forced oscillations.

We have the differential equation 

 

with

 

where the constant  is the amplitude of the periodic force and  is its circular frequency.

 

Undamped Forced Oscillations  

We set  and consider

 

Discussion:

By the previous lectures, the complementary function is

 

where .

Assume . we want to find a particular solution  of Eq(1).

Assume  then

 

the last equation is from the fact that .



Thus

 

Therefore the general solution

 

So  is a superposition of two oscillations.

 

Resonance  

Recall on previous page, we have the particular solution of   is given by

, where 

Resonance occurs when .

Roughly speaking, mechanical resonance is the phenomenon where a mechanical system vibrates 
with increased amplitude when the frequency of its oscillations matches the system's natural 
frequency.

Reading material on resonance:

Mechanical resonance

Tacoma Narrows Bridge

 

 

 

 

 

 

 

 

 

 

 



 

Example 1  Express the solution of the given initial value problem as a sum of two oscillations. Graph the 
solution function  in such a way that you can identify and label its period.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : Find Xc
.

γ 425 = 0 ⇒ γ=±5i

Xc = Ccos5tt C 2sin5t
,

Find xp .

Assume xp = Acos 2t , then xp
"
= - 4Aws 2t

,

xp
"
+25xp

= 9 cos2t ⇒ (- 4A + 25 A ) Cos 2t = 9 cos2t
,

⇒ 21 A = 9 → A= 号
The general solution for non homogeneous eqn is

x (t ) = x<+ xp = Gco35 tfGzsin5t + 产 Cos2t

As x (0 )= 0 , x ( 0) = C , +号 = 0 ⇒ C , = - 号
As x'(0 ) =

0 ,
x

'( t) =-5 Gin5t +5Cacos 5t - 号 ainzt
x'(0 ) = 5Cz = 0 ⇒ C 2 =

0

Thus
, x (t ) = - 号 cos5tt 号 cos2t

,
which is a amm

of two oscillations ,



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Damped Forced Oscillations  

The periodofxitsistheleastcommon multipe of
the periods of the two oscillations 骂 and I

;

which

is 2π
,

丌



Damped Forced Oscillations  

 

transient solution ,     as .

steady periodic solution 

 

Example 2. Consider the initial value problem

 

modeling the motion of a spring-mass-dashpot system initially at rest and subjected to an applied force , 
where the unit of force is the Newton (N). 

Assume that  kilograms,  kilograms per second,  Newtons per meter, and 
 Newtons.

(1) Solve the initial value problem.

(2) Determine the long-term behavior of the system. Is ?

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : CI) We have

2x
"

+ 8x
+

80x= 20sin6 t,
x
( 0)= 0 ,

x
'(0 ) = 0

.

The corresponding homogenous equ is

2x
"
+8x '+80 x = 0 ⇒

x
"+4

x
440 x = 0

The char
. eqn is

γ44r +40 = 0

) γ, z =
- 4 ±A4×40

= -2 ± 6i
三

Thus xc = e
-2t

(C , Cos 6t + Crsin 6t )

Next
,
we want to find xp .

Assume xp (t ) = Acosbt t Bsinbt ,



Then xpit ) = - 6Asin 6tt 6 Bcos 6 t

xp
"
(t )= -36 Acosbt - 36 Bsin 6t

plug them into the given equ , we have

IxYt 8x2oinbt ,⼗ ⼆

P

⇒ - 36 tcosbt - 36Bsinbt -24 Asin 6t +2413 cos 6t

+ 40A cosbt 440Bsinbt = losinbt

⇒ ( 4A +24B) cos 6t + ( 4B -24A ) sinbt = 10 sinbt

Compairing coefficients , we have
.

4* +24B = 0
⇒

A +6 B = 0

=⇒
A = ⼀号{4B -24A = 10 {2 B - 12A=5 { B : 岸

Thus
xp =
- 号影 cos 6t +岸 sinot ,

5o the general solution to the given egn is

x (t )= xc + xp
= C ,e

-2tcos 6t + Cze2ts,n6 t -1 cos6 t +录sinbt
,

As x (0)= 0 , X(0) = C

, - 号 = 0 ⇒ C
, =5
了

x'( t) = 部 (-2 )
e-2
tcosbt - 6 . ertsin6t - 2Cze

2tsin6t

×101= 影品华皆⼼嘴
s

品休号16



e^(-2*t)[*0.405405*cos(6*t)+0.0675674*sin(6*t)]+-0.405405*cos(6*t)+0.0675676*sin(6*t)

-0.405405*cos(6*t)+0.0675676*sin(6*t)

⇒ C 2 = 资吉 =
Thus we have the solution to the initial value

problem
x (t ) = ⼀部 costt ⼗房 sin6t +部 e

2t

0s6⼗⼗年 etsin 6t

Remark : In your
Webwork

, you nnight neet to

convert thefractionsto digits if you keep

getting an error . For example, the above solution

can be typed as

x (t) =

(2) As e
-at
→ 0 as t→ ∞

, we have

limt→∞ x(t ) =xp
= ⼀号 os 6t +年 sin6t

Oγ

lityx (t) =



 

Exercises Related to WebWork  

Exercise 3 and 4 are related to the mass-spring-dashpot system. Exercise 5 and 6 are related to acceleration-
velocity models.

Exercise 3.

A spring with a 5-kg mass and a damping constant 1 can be held stretched 1 meters beyond its natural length 
by a force of 3 newtons. Suppose the spring is stretched 2 meters beyond its natural length and then released 
with zero velocity.

(1) In the notation of the text, what is the value  ?

(2) Find the position of the mass, in meters, after  seconds. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS: (I) Fs= - kx ⇒ - 3 = - K . I ⇒ k = 3

C
-

4 mk= I =- 4×5 × 3 = 1 - 60 = -59 mikglsecz
(2) We have

zmx
"

+ Cx
'

+ Kx = 0
,
x ( 0 ] = 2

,
x
'

10]= 0
.

→≥ 5x
"
+ x+ 3 x = 0

,
x (0 ) =2

, x (0) = 0

Solving 5 r=+r+3 = 0 ⇒γ ,z=
-

1 +NF4×5×5- 1 ±√—
=

-59
⼯X5 o

Thus
γ. z

= -1 ±5 i
⑩

so the general solution is

x (t )= e
- ot

- (C ,
cosot + a δ in塔 t )

As x10]= 2 ⇒ x( 0 )= G,
= 2

x(t)= - 店 e
- 元t

(C ,
os⽐ t + asinot )

+ e
-元 t
( - 兕 C . sin⽐ t + 喂 aostε )

Asx ( 0)= 0 ,
x"0 )= - 0g“ + 您 C = 0 → CG =

诺
0 字⼆新

Thus x (t )= eot ②ωs☆ t +号 sin☆ t )



 

Exercise 4.

Suppose a spring with spring constant  is horizontal and has one end attached to a wall and the other 
end attached to a  mass. Suppose that the friction of the mass with the floor (i.e., the damping constant) is 

.

(1) Set up a differential equation that describes this system.

(2) Find the general solution to your differential equation from the previous part.

(3) Is this system under damped, over damped, or critically damped?

(4) What is the value of the damping constant that would make the system critically damped?

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

( 1 ) 3x
"

+ x+ 4x= 0

(2) We have char . equ
1 - 483r+ r + 4 = 0 ⇒ γ

, 2
=

- 1±√
=

- 1±43 i
6 6

Thus x( t ) =
e -

号( C ,ω s(6 t ) + Casin (ft ) )

(3) .

As we have two complex solutions to the

char - egh , we
know the system is unden

damped
(4) Assume for Cro the system

3 x
"
+ CX+ 4x = 0

is critically damped .

We need O = c≥ 4×3×4 = 0

⇒ C = 4B



 

Exercise 5.

A car traveling at  decelerates at a constant 2 feet per second squared. How many feet does the car 
travel before coming to a complete stop?

Solution. Let  be the distance covered by the car  seconds after stepping on the brakes. Suppose the car 
decelerates at  feet per second squared. Then

 

and

 

where  is the speed of the car at time 0 . Integrating again gives

 

The integration constant in this case is 0 since at time  the car has covered a distance of 0 feet. We are 
asking how far the car travels until it comes to a stop. At that time the speed is 0 , which gives

 

Substituting this time into the distance formula gives

 

Substituting

 

gives the answer:

 

 

 

 

 

 

 

 



 

Exercise 6.

A ball is shot straight up into the air with initial velocity of . Assuming that the air resistance can be 
ignored, how high does it go? (Assume that the acceleration due to gravity is  per second squared.)

Solution.

We have 

 

where  is the acceleration due to gravity ( , downward).

So we have

 

We know that the initial velocity of the ball  is  (upwards), so we can use this to solve for the 
constant of integration  :

 

Thus, the velocity of the ball as a function of time is:

 

The ball reaches its highest point when its velocity is 0 (it momentarily stops moving up before starting to fall 
down). We set  and solve for  :

 

Solving this we know the ball reaches its highest point at  seconds after it is shot.

To find the maximum height reached by the ball, we integrate the velocity function to get the position function 
 :

 

We know that at , the ball is at the initial position  (assuming it is shot from ground level), which 
allows us to solve for  :

 

So, the position function is:

 

We have .


